Abstract. A simple criterion for the completeness of an infinitesimal automorphism of a second-order differential equation is given.
A SYMMETRY COMPLETENESS CRITERION FOR SECOND-ORDER DIFFERENTIAL EQUATIONS
Given a second-order differential equation Y on a connected manifold M , and a vector field X on M , we say that X is an infinitesimal automorphism of Y if [X, Y ] = 0, whereX is the natural lift of X to T M. It is of interest to know when X has a complete flow, which is to say that X is the infinitesimal generator of a oneparameter group of diffeomorphisms of M , and hence generates a one-parameter group of automorphisms of Y .
Example 1. Consider the second-order equation
In this example, the flow of Y is not complete. However, Y can be incomplete with X complete as in Example 2. Let g be any left-invariant Lorentz metric on the affine group G = A(1, R). Then the geodesic flow is incomplete, but each left-invariant vector field X on G generates a one-parameter group of symmetries of the geodesic vector field.
In light of these examples, it is perhaps somewhat surprising that the following theorem holds.
Theorem. Let Y be a second-order differential equation on a manifold M with a complete flow ψ t . Let X be an infinitesimal automorphism of Y . Then X is necessarily complete; that is, it generates a one-parameter group of diffeomorphisms of M .
Proof. First observe that in order to prove that X is complete, it suffices to prove the uniform time τ existence for the local flow. Let π : T M → M be the projection, and let φ t (x), |t| < τ be the local flow of X about x ∈ M . Letφ t (p) be the lifted local flow about p ∈ T M with π(p) = x. Then φ t • π = π •φ t . Since [X, Y ] = 0, ψ t * X =X for all t. This says that if ψ s (p) = q for some s, thenφ t (q) = ψ s •φ t (p).
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Hence we may conclude existence of both a τ > 0 and a local flow ofφ t (q) for all time t with |t| < τ, and thus that of the local flow of φ t (π(q)) for the same time |t| < τ as well.
It follows that we have time τ existence of the local flow of φ t for all points x ∈ M such that there is an integral curve of Y that projects to a curve connecting x and x . Continuing in this manner we may also conclude the same time τ existence for all points x that may be so connected to x .
We will be done if we can show that any point y ∈ M may be connected to x by a finite chain of such points x, x , x , . . . , y, all with the same time τ existence. In other words, for all points x in some open neighbourhood of x, we may choose an initial velocity v x at x so that the projection of the integral curve of Y through v x contains x . The proof of the lemma follows easily from the fact that the exponential map is onto.
